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1 MATRICES

1 Matrices

1.1 Rank of a matrix
1.1.1 Rank of a matrix from echelon form

Definition 1.1.1 The rank of a matriz is the order of largest size non zero
mainor available in the matriz.

Method 1.1.1 The rank can be computed by searching for the non-zero mi-
nors starting from the smallest size tolargest size in increasing order. Or
starting from the largest size to smallest size in decreasing order.

Example 1.1.1 Find the rank of the matrix by reducing it into echelon form

1 2 3 2
2 3 5 1
1 3 45



1 MATRICES 1.1 Rank of a matrix

Example 1.1.2 Find the rank of the matrix by reducing it into echelon form

-1 2 3 -2
2 =5 1 2
3 =8 o5 2
5 —12 -1 6

Problem 1.1.1 Find the rank of the matriz by reducing it into echelon form

-2
6
1

N = O

1
0
1

W DN DN
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Problem 1.1.2 Find the rank of the matriz by reducing it into echelon form

DD W N
o DN =~ DO
N = W W
Tt w N O

Problem 1.1.3 Find the rank of the matriz by reducing it into echelon form

3 2 5 7 12
112 3 5
33 6 9 15
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Problem 1.1.4 Find the rank of the matriz by reducing it into echelon form

2 4 3 10
1 -2 1 —4 2
0 1 -1 31
4 =7 4 -4 5

Problem 1.1.5 Find the rank of the matriz by reducing it into echelon form

1 4 3 =2 1
-2 -3 -1 4 3
-1 6 7 2 9
-3 3 6 6 12



1 MATRICES 1.1 Rank of a matrix

Problem 1.1.6 Find the rank of the matriz by reducing it into echelon form

00 00O
012 3 4
023 41
03 41 2

1.1.2 Rank of a matrix from normal form

Definition 1.1.2 If A,,«,, then the normal form of A is

Irxr 07 (n—r)
O(mfr) Xr O(mfr) X (n—r)

where
1 0 - 0
o1 - 0
L =1 . . )
0 0 1



1 MATRICES 1.1 Rank of a matrix

and
00 0
0 0 0
0= . )
00 - 0

Method 1.1.2 By applying elementary operations, we make the diagonal
element of each column 1 and all elements below it will be 0s. This can be
done as follows

—, Riv1 — a1 B, Rivs — 4Ry
fori=1,2,...,m. Alternatively,

Cj
—,Cjt1 = a;11Cj, Rjpo — ajo Ry,

ajj
Example 1.1.3 Find the rank of the matriz by reducing it into normal form
by using elementary transformations

00 000
012 3 4
0 23 41
03 41 2

Example 1.1.4 Find the rank of the matriz by reducing it into normal form
by using elementary transformations

2 -2 0 6
4 2 0 2
1 -1 0 3
1 -2 1 2
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Problem 1.1.7 Find the rank of the matrix by reducing it into normal form
by using elementary transformations

2 3 =2 51
3 -1 2 0 4
4 -5 6 =5 7

Problem 1.1.8 Find the rank of the matrixz by reducing it into normal form
by using elementary transformations

31 46
21 2 4
4 2 5 8
11 2 2
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Problem 1.1.9 Find the rank of the matrix by reducing it into normal form
by using elementary transformations

1 2 3 4
2 4 6 8
5 10 15 20
3 6 9 12

Problem 1.1.10 Find the rank of the matrix by reducing it into normal
form by using elementary transformations

O Y S
DN W DN DN
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Problem 1.1.11 Find the rank of the matrix by reducing it into nmormal
form by using elementary transformations

1 -7 3 =3
7 20 =2 25
5 =2 4 7

Problem 1.1.12 Reduce the matriz into normal form and hence find the

rank
4

213
214 3
3 0 5 —10

10
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1.2 Inverse by Gauss Jordan Method

Definition 1.2.1 Let A, B and D are comformable matrices such that

D = AB
1. Every row operation R affects the pre-multiple
R(D) = R(A)B
Further, if Ry, Ro, ... are the row operations on D, then
.. RoRi(D) = ...RyRi(A)B
2. If C' is a column operation on D, it affects the post-multiple
C(D) = AC(B)
Further, if Cy,Csy, ... are the column operations on D, then

Method 1.2.1 Consider the matrix

aq b1 C1 1 00
[A . I] = (05} bg Co 010
as bg C3 0 01

Apply row operations only and reduce the matrix
[1 0 0 af b ¢
I:B] = 010 a; b5 c
0 0 1 a3 by ci]

Then B is the required inverse A~!.

11



1 MATRICES 1.2 Inverse by Gauss Jordan Method

Example 1.2.1 Find the inverse of the matrix by elementary row operations

01 2

1 2 3

311

Method 1.2.2 Consider the matrix

_Cll by 01_
ay by ¢
A1 az by c3
7] = 1 0 0
0O 1 0
[0 0 1)

Apply column operations only and reduce the matriz

[1 0 0]
0 1 0
0 0 1

i —
[B] ai b} ¢

* =%

*
az by c;
* *
| a3 bs C3

Then B is the required inverse A=1.

Example 1.2.2 Find the inverse of the matrix by elementary column oper-

ations
2 -2 3
3 -1 2
1 2 -1

12



1 MATRICES 1.2 Inverse by Gauss Jordan Method

Problem 1.2.1 Find the inverse of the matriz by elementary row operations

3 =3 4
2 =3 4
0 -1 1

Problem 1.2.2 Find the inverse of the matriz by elementary column oper-
ations

1 2
2 3
3

Ot = W

—4

13
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Problem 1.2.3 Find the inverse of the matriz by elementary column oper-
ations

2 -1 4
1 5 6
-1 -2 -4

Problem 1.2.4 Find the inverse of the matrixz by elementary column oper-
ations

1 2 3
3 =21
4 2 1

14



1 MATRICES 1.2 Inverse by Gauss Jordan Method

Problem 1.2.5 Find the inverse of the matriz by elementary column oper-
ations

O =~
(GLEEN I\
w O o

Problem 1.2.6 Find the inverse of the matrixz by elementary column oper-
ations

8
2
1

—
—_ = o

15
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1.3 Homogeneous Linear Equations

Definition 1.3.1 A set of equations of the form

a1 xr1 +apo + -+ + a1ty = bl
A21X1 + Q222 + *++ + AopTy = b2
. 3 (1)
Am1T1 + AmaT2 + - - 2 ATy = bm
is called homogeneous linear equations if b; = 0,7 = 1,2,...,m. Otherwise,

they are non homogeneous

Expressing the equations (1) in matrix form
AX =0 (2)
where
A = {a}, ., coefficient matrix
0" ={0,0,...,0},,,,: null vector

XT ={a1,29,...,2,},,,: unknown vector to be determined

Method 1.3.1 A solution to homogeneous is invariant under the elementary
row operations on the coefficient matriz. If X* is a solution to (2), then
B X* =0 if B is obtained from A only through elementary row operations.

Step-1 Consider the coefficient matriz A.

Step-2 Apply elementary row operations on A and reduce it to upper triangular
form.

16



1 MATRICES 1.3 Homogeneous Linear Equations

Step-3 Find the rank of A
— If r(A) is equal to number of unknowns, then X = 0 is the unique
(trivial) solution
— If r(A) is less than number of unknowns, then infinitely many

solutions

Step-4 Fxpand the equations and use backward substitution method to solve the
variables ie last equation is solved first, followed by last but one and so
on.

Following cases arise
1. Case A m = n: In this case the coefficient matrix A is a square.

(a) if A is non singular, then |A| # 0 and rank of A is equal to n,
hence unique triveal solution X = 0.

(b) if A is singular, then |A| < 0 and rank of A is less than n, hence
many solutions.

2. Case B m < n: In this case rank of A is always less than number of
unknowns, hence infinitely many solutions.

3. Case Cm > n: The system will have either unique solution or infinitely
many solutions depending upon whether rank is n or less than n.

Method 1.3.2 Another method to solve 3x3 system

ar+biy+cz = 0
asx +boy + oz = 0
azx +bzy+c3z = 0

A non-trevial solution is

x — ) _ z
bacz—bzca c2a3—C3a2 azbz3—baas

Sometimes we need to rearrange the equations to get a non-trevial solution.

Example 1.3.1 Solve the following system of equations

r+2y+3z =
20 + 3y + 2
dx + by + 4z

r+y—2z =

o O O O

17



1 MATRICES 1.3 Homogeneous Linear Equations

Example 1.3.2 Show that the system of equations

2 -2y+z2 = A\
20 —3y+22 = Ny
4r +5y+42 = 0

-+ 2y 0

can possess a non-trivial solution only-if A\ =1 and X\ = —3 and obtain the
general solution in each case.

Problem 1.3.1 For what value of k does the system

r4+2y—3z = 0
3r+ky — 2 0
r—2y+z = 0

possess a non-trivial solution and find the solution for that k.

18



1 MATRICES 1.3 Homogeneous Linear Equations

Problem 1.3.2 Find the real values of A for which the equations
T+2y+3z=A3r+y+22 = 22+ 3y+ 2=\

have non zero solution.

Problem 1.3.3 Solve the following system of equations
r+2y+3z = 0
2+ 3y+42z = 0
Tr+13y+192 = 0

19



1 MATRICES 1.3 Homogeneous Linear Equations

Problem 1.3.4 For what value of \ does the following system of equations

20 +3y+2z = 0
x+2y+z = 0
Jr+4y+Az = 0

have non-zero solution and hence find the solution.

Problem 1.3.5 For what value of \ does the following system of equations

r+y+3z = 0
dr+3y+Xz = 0
2e+y+2z = 0

have non-zero solution and hence find the solution.

Problem 1.3.6 For what value(s) of A does the following system of equa-

tions
3r+y—XAz = 0

dor —2y—3z = 0
2 x+4y+Az = 0

have non-zero solution and hence find the solution for A = 1.

20
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1.4 Non Homogeneous Linear Equations

Definition 1.4.1 A set of equations of the form

a11x1 + a1pTo + -+ - + a1y, = bl
a21T1 + Q229 + *++ + ATy = b2
| ) 3)
Am1T1 + A2l + - -+ Cpp Ty, = bm
is called homogeneous linear equations if atleast one b; # 0,1 =1,2,...,m.

Expressing the equations (1) in matrix form
AX = b (4)
where
A ={a}, .+ coeflicient matrix
bT = {b1,b2, ..., b} y,,: RHS vector
XT = {21, 29,...,2,},,,: unknown vector to be determined

Definition 1.4.2 Augment Matrix
The matriz [A : b] is called augment matriz.

A linear non homogeneous system is completely specified by the augment
matrix

Method 1.4.1 A solution to non homogeneous is invariant under the ele-
mentary row operations on the augment matrix. If X* is a solution to
(2), then B X* = b* if B is obtained from A only through elementary row
operations.

21
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Step-1 Consider the augment matriz [A : b)].

Step-2 Apply elementary row operations and reduce it to upper triangular form.

Step-3 Find the rank of A and rank of [A : b].

— Ifr(A) =r([A : b]), then the system has solution and called con-
sistent. Otherwise the system has no solution i.e. inconsistent.

— If r(A) = r([A : b)) = r is less than number of unknowns (n) ,
then infinitely many solutions.

— Ifr(A) =r([A : b)) = n the system will have unique solution

Step-4 Fxpand the equations and use backward substitution method to solve the
variables ie last equation is solved first, followed by last but one and so
on.

Example 1.4.1 Appy Gauss method to solve the following equations

r—2y+3z = 5
dr+3y+4z = 7
r+y—z = —4

22



1 MATRICES 1.4 Non Homogeneous Linear Equations

Example 1.4.2 Solve following equations by Gauss method

r+y—z = 0
20 —y+z =
dor +2y —2z = 2

w

Problem 1.4.1 Check whether the following equations are consistent, if so

solve
3£L'1—|—21'2+I3 = 3

2£E1 + X9 + 23
911 + 319 + 223 = 4

I
o

23
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Problem 1.4.2 Apply Gauss elimination method to solve the following equa-

tions
r+2y+3z =

2
20 +4y+52 = 3
r+oy+62 = 4

Problem 1.4.3 Find \ and p such that

r+2y+rz = 1
r+2y+z = pu
A+2y+z = 1

have (i) no solution (ii) unique solution (iii) many solutions.

24
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Problem 1.4.4 For what values of a and b the following equations

r+y+z = 3
T+ 2y + 2z 6
r+ay+3z = Db

have (i) no solution (ii) unique solution (i) many solutions.

Problem 1.4.5 Apply Gauss Jordan method to solve the following equations

2 —y+32z = 9
rT+y+z =
r—y+z = 2

(=}

25
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Problem 1.4.6 Apply Gauss Jordan method to solve the following equations

r+2y+3z = 2
20 + 4y + 5z
3r+oy+62 = 4.

Il
w

1.5 Iterative Methods

In these methods we assume an initial solution and solve for the next ap-
proximate solution. If the solution is satisfactory we stop otherwise we take
the latest solution as next initial solution and continue so forth.

1.5.1 Jacobi Method

Let the system of equations to be solved is

a1 x + bly +ciz = d1
asx + boy + oz = do
azr + b3y + c3z = ds.

26



1 MATRICES 1.5 TIterative Methods

Using first equation for x, second for y and third for z we get

1
x=—Id — by —cz].
(3]
Similarly,
1
Y= o [dy — asx — co2]
2
and 1
z = —[d3 — agz — b3y].
C3
1. Let zg, yo, 29 be initial solution and x1, 1, 2o be the next approximate

solution.

The iterative solution is

Ty = i [d1 — biyo — 0120]
B = % [dz — Q2% — 022’0]
21 = o [d3 —as3ro — b3y0]

C3

If maximum difference in x, y and z is less than 1073, then xy, y1, 22 is
the solution STOP.

. If maximum iterations have been completed, then the method didn’t

converge then xq,y;, 29 is the solution STOP.

. X9 =1, Yo = yy and zg = z; and continue.

Table 1: Iterations by Jacobi Method

Variables 0 1 2 3

T = % [d1 — biyo — 612’0]

Y1 = é [d2 — Q2% — 0220]

1= é [ds — azzo — b3yo]

Note: The above iterations converge only when the system of equations are
diagonally dominant. i.e |ai| > |bi|+|c1], |b2| > |as|+|ca] and |c3| > |as|+|bs].
If not the equations have to be rearranged as an initial step.

27
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Example 1.5.1 Solve the following

8r—3y+2z = 20
de+1ly—2z = 33
6x +3y+ 122 = 35

by Jacobi method starting from xqg = 0,y = 0,29 = 0 correct upto three
decimal places.

The given equations are diagonally dominant because 8 > | — 3| 4+ |2[,11 >
4] + | — 1] and 12 > |6| + |3|. Solving for x,y and z respectively we get

11 = 5(204 3y — 22)
Yy = 1—11<33 — 4%0 + Zo)
n = 15(35— 6z — 3yo)
Using the initial values g = 0,y = 0,29 =0

r = % = 2.500

y1 = 2 =3.000

2 o= %5 =2917

5=

[\

Further iterations are continued in the following table

Table 2: Iterations of Jacobi Method

Vars | 0 1 2 3 4 ) 6 7 8 9 10
x1 | 0| 2.500 | 2.896 | 3.154 | 3.041 | 3.017 | 3.010 | 3.016 | 3.017 | 3.017 | 3.017
yl |0 |3.000 | 2.356 | 2.030 | 1.933 | 1.970 | 1.986 | 1.989 | 1.986 | 1.986 | 1.986
z1 | 02917 [0.917 | 0.880 | 0.832 | 0.913 | 0.916 | 0.915 | 0.911 | 0.912 | 0.912

Since the values at 9" and 10*" coincide first three decimal places, the ap-
proximate solution is x = 3.017,y = 1.986 and z = 0.912.

Example 1.5.2 Solve the previous example problem with a new starting so-
lution xo =1,y =1,29 =1

Problem 1.5.1 Solve the following problem by Gauss Jacobi method correct
upto two decimal places starting from xog =1,y = 1,29 = 1

8r+y+=z 8
2r+4y+z = 4
rT+3y+52 = 5

28
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Table 3: Iterations of Gauss Siedal Method

Vars

1 2 3 4 5 6 7 8 9

10

x0

yO0

e e i E=

z0

Table 4: Iterations of Jacobi Method

Vars

1 2 3 4 5 6 7 8 9

10

x0

v0

[en) Hew) New) Raw]

z0

Problem 1.5.2 Solve the following problem by Gauss Jacobi method correct
upto two decimal places starting from xog = 1,y0 = 1,29 = 1

8r+y+z-= 8
2e+4y+z = 4
T+3y+52 = 5

Table 5: Iterations of Jacobi Method

Vars | 0| 1 2 3 4 5 6 7 8 9 10
x0[0]1]0.75]0.944 | 0.841 | 0.898 | 0.865 | 0.883 | 0.872 | 0.878 | 0.875
yO |0 |1]0.25]|0.575 | 0.353 | 0.463 | 0.396 | 0.432 | 0.411 | 0.423 | 0.416
z0 | 0| 1]0.20|0.700 | 0.466 | 0.620 | 0.543 | 0.589 | 0.564 | 0.579 | 0.571

Problem 1.5.3 Solve the following problem by Jacobi method correct upto
two decimal places starting from xqg = 0,99 = 0,29 =0

Sr+2y+z = 12
r4+4y+2z = 15
r+2y+2z = 29

29
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Table 6: Iterations of Jacobi Method

Vars 1 2 3 4 5 6 7 8

10

x0

z0

OO OO

1.5.2 Gauss Seidal Method

This method is improved over Gauss Jacobi method in the sense that here
we use the latest available values of the variables are used instead of the

values obtained in the previous iteration. The iterated equations are suitably
modified as follows

Ty = i [d1 — biyo — 012’0]
(A bi [d2 — Q271 — 0220]
2 = o |ds — azvi — byy]

The initialization and stopping rules are same as those used in Jacobi method.

Example 1.5.3 Solve the following problem by Gauss Siedal method correct
upto two decimal places starting from o = 0,yg = 0,29 = 0

8r+y+2z = 8
2 +4y+z2 = 4
r+3y+52 = 5

30
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1.5 TIterative Methods

Table 7: Iterations of Gauss Seidal Method

Vars | 0 1 2 3 4 5
x0 1010|0875 | 0875 |0.876 | 0.876
yO | 0]0.5]0.438|0.422 | 0.419 | 0.419
z0|005]0.562| 0572|0573 |0.574

Problem 1.5.4 Solve the following problem by Gauss Siedal method correct
upto two decimal places starting from xo = 0,yg = 0,29 = 0

T+ 2y+z =
r+4dy+2z =
r+2y+z =

12
15
20

[Ans: =1, y=2, 2=3]

Table 8: Iterations of Gauss Siedal Method

Vars 1

2

3

4

5

6

x0

yO0

[ev] Nen) Nen) Naw]

z0
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